Padé approximant is exploited for an efficient sum-over-poles decomposition of Fermi and Bose functions. The resulting poles are all pure imaginary and can therefore be used to define Padé frequencies, in analogy with the celebrated Matsubara frequencies. The proposed Padé spectrum decomposition is shown to be equivalent to a truncated continued fraction. It converges significantly faster than other schemes such as the Matsubara expansion at all temperatures. By introducing the characteristic validity length as the measure of approximant, we analyze the convergence properties of different schemes thoroughly. Our results qualify the present scheme the best among all sum-over-poles approaches. Thus, it is of great value in efficient numerical evaluations of integrals involving Fermi/Bose function in various condensed-phase matter problems.
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Many problems in condensed-phase physics, such as electronic structure, quantum transport, and quantum decoherence, involve numerically challenging integrals containing Fermi or Bose distribution function. Various sum-overpoles schemes covering practically all finite temperatures have been proposed. The most popular one is the Matsubara expansion, with all poles being pure imaginary and related to Matsubara frequencies. 1 Thus, Matsubara expansion can also be termed as Matsubara spectrum decomposition ͑MSD͒.
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This scheme is, however, notorious to be of slow convergence. To overcome this problem, Croy and Saalmann proposed recently a partial fraction decomposition ͑PFD͒. 3 The resulting poles are located largely in complex plane. The superiority of PFD over MSD has been exploited in detail. 3, 4 Sum-over-poles schemes are particularly suitable for evaluating integrals by means of contour integration using Cauchy's residue theorem. For example, charge-density calculations require only the evaluation of Green's function at the poles of expansion. The same concept has also been used in the well-established hierarchical equations-of-motion formalism of exact quantum dissipation theory. [5] [6] [7] [8] [9] This formalism is constructed as a mathematically equivalent but numerically favorable alternative to the Feynman-Vernon influence functional in path integral. It has been widely used in various dissipative dynamics systems, including chemical dynamics in solutions and protein environments, quantum transport, and quantum entanglement. Numerical efficiency of this formalism does badly depend on the method of decomposing Fermi/Bose function used in the hierarchy construction. 2, 8, 9 In this work, we propose the Padé spectrum decomposition ͑PSD͒ of Fermi/Bose distribution function,
The new scheme is much more efficient than the standard MSD and the recently proposed PFD methods, 3, 4 as evident from the thorough analysis in the present work. The PSD poles are all pure imaginary that are unevenly distributed. In comparison, Matsubara poles are also pure imaginary but of equal spacing, while PFD poles are located mainly in complex plane. The present study will qualify PSD the best sum-over-poles scheme for various numerical purpose.
The PSD scheme starts with the Taylor ͑or Laurent͒ expansion, exemplified with Bose function as follows:
The expansion coefficients are related to Bernoulli numbers and satisfy the recursion relation,
Note that a 0 =1/ 12. Expansion ͑1͒ diverges when ͉x͉ Ն 2. This problem can, however, be cured by applying the Padé approximant. It is to let
with Q N ͑z͒ = q 0 + q 1 z +¯+q N z 
and p j = a 0 q j + a 1 q j−1 +¯+a j q 0 ; j =0,¯, N − 1, with q 0 ϵ 1. The PSD of Bose function amounts to
The PSD of Fermi function f N Fermi ͑x͒ can be constructed similarly.
It turns out that the roots of Q N ͑z͒ are all negative, denoted therefore by ͕− j 2 ͖, with j Ͼ 0. This property will be proven later in virtue of the equivalence of the Padé approximant to a truncated continued fraction, 10, 11 which leads also to recursive expressions of P N−1 ͑z͒ and Q N ͑z͒; cf. Eqs. ͑12͒ and ͑13͒ later. We can therefore call ͕ j k B T͖ the PSD frequencies, following the notion of Matsubara frequencies.
The PSD of Bose function ͓Eq. ͑5͔͒ reads in analogy with the Matsubara expansion ͑i.e., MSD͒ as
The expansion coefficients are
following the standard algebra.
To get a sense of PSD versus MSD, let us present the following results for Bose and Fermi functions: 
In comparison, MSD is of j / ͑2j͒ = j = 1 for Bose function and j / ͓͑2j −1͔͒ = j = 1 for Fermi function.
The poles and coefficients demonstrated above suggest that PSD be considered as an optimally corrected finite Matsubara expansion. The PSD correction occurs primarily at terminal poles and residues. By doing that, PSD optimally carries out the resum correction for truncation of infinite Matsubara series. This is very different from the PFD scheme, 3 where the resum correction is via a redistribution of almost all pure imaginary poles to complex plane. Here the simpler is just better.
To proceed, we define the deviation function ␦f N ͑x͒ for the PSD result from the exact. The deviation function is odd, monotonic, and set also to be increasing; i.e., ␦f N Figure 1 depicts the representing results of PSD deviation for Bose function. Included here are also the PFD counterparts for comparison. The superiority of PSD over PFD is clearly demonstrated. The Fermi counterpart is of about the same quality. We will quantify both later. Note that the superiority of PFD over the MSD had been thoroughly exploited recently. 3, 4 The superiority of PSD over PFD is easily understood. Consider, for example, the small x region. The Nth-order PSD is exact up to O͉͑x͉ 4N ͒ ͓cf. Eq. ͑1͔͒, in the Taylor expansion of ctanh͑x / 2͒. In contrast, the PFD is only up to O͉͑x͉ 2N ͒. The latter is based on two Taylor expansions, separately, for the denominator sinh͑x / 2͒ and numerator cosh͑x / 2͒ of hyperbolic cotangent functions. 3, 4 In other words, PSD is expected to reduce the number of poles at least by half, in comparison with PFD of similar quality. In fact, PSD is about quadratically superior, as demonstrated quantitatively soon.
The convergence analysis on deviation function ␦f N ͑x͒ will be carried out numerically and graphically. Unlike its PFD and MSD counterparts, 3 analytical study of PSD ␦f N ͑x͒ is less straightforward, but can be done with the standard Padé approximant algebra. 10 It is, however, unnecessary for our purpose. We will see that there is a simple N-dependent characteristic validity length. It leads to a normal form of deviation function, that is, indifference between Fermi and Bose, and also insensitive to N. Let x 1/e ͑N͒ be the characteristic validity length at which ␦f N ͑x͉͒ x=x 1/e ͑N͒ = ͑1 / e͓͒␦f N ͑x͔͒ max =1/ ͑2e͒. Figure 2 reports the evaluated x 1/e ͑N͒ for both Fermi and Bose functions. Each of them can be well reproduced by a quadratic function, x 1/e ͑N͒ = a + bN + cN 2 . In contrast, the PFD and MSD counterparts are just linear. The lease-squares-fit parameters are given in Table I . These observations qualify x 1/e ͑N͒ a suitable quality measure of approximant. For a given N, the larger x 1/e ͑N͒, the better the approximant. It further dictates the remarkable superiority of PSD over PFD and MSD. Taking N = 25 for example, the characteristic validity length of PSD is x 1/e ͑25͒ = 3422.8, compared with x 1/e PFD ͑25͒ = 154.8 and x 1/e MSD ͑25͒ = 102.5, as inferred from Table I , for Fermi function.
We now turn to the fact that all PSD poles are pure imaginary ͓cf. Eq. ͑6͔͒. This can be proven rigorously by virtue of equivalence of the present ͓N −1/ N͔-Padé approximant to the corresponding continued fraction of ͑2N͒ levels. 10 The proof is detailed as follows. Let us start with
ͪ.
The second identities are expressed in terms of the hypergeometric function, F͑a , x͒ϵ 0 F 1 ͑;a ; x͒ = ͚ n=0 ϱ x n / ͑͑a͒ n n ! ͒, with ͑a͒ n = a͑a +1͒¯͑a + n −1͒. We have the recurrence relation, F͑a −1,x͒ = F͑a , x͒ + ͓x / ͑͑a −1͒a͔͒F͑a +1,x͒, which leads to the continue fraction of
We have therefore
It leads to Bose function, f
Examine now the rational expression of the M-level truncated continued fraction, denoted by
We obtain that A 1 ͑z͒ =1/ 4, A 2 ͑z͒ =5/ 4, B 1 ͑z͒ =3, B 2 ͑z͒ =15 + z / 4, and further the recursive relation,
for both X = A and B. Therefore, A 2n−1 ͑z͒, A 2n ͑z͒, and B 2n−1 ͑z͒ are polynomials of order ͑n −1͒, while B 2n ͑z͒ is of the order n. Note also the fact that the M-level truncated continued fraction agrees with Taylor expansion up to z
inclusively. 10 The present ͓N −1/ N͔-Padé approximant can therefore be recast by
Together with Eq. ͑12͒, these identities provide an accurate alternative to evaluate the PSD coefficients j = P N−1 ͑z͒ / ͓2Q N Ј ͑z͔͒ ͉ z=− j 2 involved in Eq. ͑6͒. The equivalence of PSD to the ͑2N͒-level truncated continued fraction, as established above, leads also to the verification that the PSD poles are all pure imaginary ͓cf. Eq. ͑6͔͒. The proof exploits the following identity:
with D and C being diagonal and tridiagonal M ϫ M matrices, whose elements are D jk = ͑2j +1͒␦ jk and C jk = ␦ j,kϮ1 , respectively. We can therefore evaluate the PSD-Bose poles via Table I for details.
The PSD-Fermi poles can be evaluated similarly, with the factor ͑2j +1͒͑2k +1͒ in the above equation being replaced by ͑2j −1͒͑2k −1͒ only. 11 We have thus completed the proof that all PSD poles are pure imaginary.
In summary, we propose the PSD of Fermi and Bose functions be the best of all sum-over-poles approaches. In virtue of the well-established equivalence between the ͓N −1/ N͔-Padé approximant and the ͑2N͒-level truncated continued fraction, 10 we show that all PSD poles are pure imaginary, in analogy with Matsubara poles, for both Bose and Fermi functions. In a sense, this work completes the previous proposal by Ozaki on the continued fraction representation of Fermi function. 11 We have also introduced the characteristic validity length as a versatile quality measure of different approximants. This is the main result of the paper. It is noticed the Padé approximant scheme has been used in various contexts, such as an analytical continuation fitting method with a given finite number of Matsubara frequencies as input. 12 The characteristic validity length proposed here offers, however, a convenient quality measure, leading to a quantitative comparison between different decomposition schemes; see Fig. 2 and Table I . The PSD is dramatically superior over the MSD ͑i.e., the conventional Matsubara expansion͒ and the recently developed PFD scheme. 3 It will be of great value in numerical evaluations of integrals involving Fermi/Bose function in various condensed-phase matter problems.
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